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Abstract 

We briefly discuss the concepts of immersion and embedding of 
space-times in higher-dimensional spaces. We revisit the classical work 
by Kasner in which he constructs a model of immersion of the Schwarzschild 
exterior solution into a six-dimensional pseudo-Euclidean manifold. 
We show that, from a physical point of view, this model is not entirely 
satisfactory since the causal structure of the immersed space-time is 
not preserved by the immersion. 



1 Introduction 

The first example of immersion of space-times in higher-dimensional spaces 
came from Kasner, in 1921, when he explicitly exhibited a local isomet- 
ric immersion of the Schwarzschild exterior solution. [1] Interest in higher- 
dimensional theories of space-time seems to be increasing these days. Actu- 
ally, the ideas that underlie the modern developments were first put forward 
by Kaluza and Klein, who considered the possibility that our spacetime may 
have extra dimensions. [2] Currently there is a huge literature on the sub- 
ject of extra-dimensional theories, immersion and embedding of space-times, 
mainly motivated by the generalized Kaluza-Klein theory, string theory and 
the recent braneworld scenario. [3, 4, 5, 6, 7] In all these theoretical devel- 
opments the geometrical concepts of immersion and embedding play a very 
important role. [8] Our main goal in this paper is to give a precise meaning 
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of these concepts and briefly discuss the immersion obtained by Kasner. We 
prove that in this case the immersion does not preserve the causal character 
of curves, thereby not being quite appropriate as a physical model. 

2 Immersions and Embeddings 

Let {VN,g) and (Vd,??) be two differentiable manifolds V/v and Vd, with di- 
mensions N and D, endowed with the metric tensors g and rj, respectively. 
A differentiable application Y : (Vat, 5) {VdjI]) is called a local and iso- 
metric immersion if: 

yp E U C Vn, dYp : TpV^ — > Ty(^p)Vd is injective, where U is an open 
neighbourhood of p, and g{v,w) = r]{dYp{v),dYp{'w)), Vf, G TpVN- If, 
in addition, K is a homeomorfism onto Y{U), where Y{U) has the induced 
topology of Vd, then Y is called a local and isometric embedding. When 
Vn C Vd and the inclusion Y : Vn C Vd ^ Vd is an embedding, we say 
that V/v is a submanifold of Vd ■ [9] 

Let us now consider (V4,(7) as a pseudo-Riemannian manifold, corre- 
sponding to a solution of Einstein's equations, locally and isometrically em- 
bedded in another pseudo-Riemannian manifold (Vd,??)- In local coordi- 
nates {a;*}and {Y^^} of Vjv, Vd, the isometric condition takes the form 

= ^^^uy,':y,j, (i) 

where gij is the induced metric on V4; = and the indices now take 
value in the range fi = 1, . . . , D; i = 1, ...,4. 

From the above definitions we see that the essential distinction between 
immersion and embedding is of topological character. In fact, any embed- 
ding is an immersion, while the converse is not always true. [10] 

3 The Immersion of Schwarzschild Space-time 

The Schwarzschild exterior solution, which describes the space-time geom- 
etry outside a spherical symmetric body, is given, in spherical coordinates 
{t,r,e,^) by 

ds'^ = (1 - 2m/r)dt^ - (1 - 2m / r)-'^ dr"^ - r'^{de^ + siri^edc/)'^) (2) 

where m is the so-called geometric mass. Actually, one can regard the above 
geometry as defining two different space-times: [11, 12] 
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a) The exterior Schwarzschild space-time {V4,g), where V4 = Pj x S'^ ; 
Pf = {(t,r) G r > 2m}, and 

b) The Schwarzschild black hole {B/i,g), with 

= Pfi X , Pf^ = {{t, r) e M^l < r < 2m}. 
In both cases, 5^ denotes the sphere of radius r and metric induced from 
(2). 

Now define the space {E, g) = {[Pf U Pj^] x S'^,g) and consider an appli- 
cation Y : {V4,g) (VqjT]), where the pseudo-Euclidean metric 77 is given 
by the line element: [1, 10] 

ds'^ = dY^ + dY^ - dYi - dYi - dYi - dYi . (3) 

It is not difficult to see that the application Y defined by the equations 



r Y, 


= (1 - l/rf/'^cost 




= (1 - l/rY/'^sint 




= fir), {df/drf-- 




= rsin^sin^ 




= rsin^cos^ 




= rcosO, 



represents a local isometric immersion of {V4,g) into (Ve,??). For conve- 
nience we are taking 2m = 1 in the Schwarzschild metric. Indeed, a simple 
calculation shows that (1) holds and that dYp : TpV^ — > Ty(j))Vq is injective, 
i.e., 

dim[dYp{Tp{V4))] = 4, 

or, equivalently, 

det{minor of matrix[dY^(,y^4^, 4 order) = msin^OsirKf) 7^ 0, 

for < < TT and O<^<7ror7r<0< 27r. 

It is easy to see that this isometric immersion does not constitue an 
isometric embedding. Indeed, to verify this fact just consider a curve 

a : {a,b)cR — ^ 
t ^ a{t) C{U cV4,g) 

The image of a{t) through the application Y is Y{a{t)) = {Yi{a{t)), . . . , YQ{a{t))). 
Now, if we take a < ti < t2 < b, since Yi and Y2 are periodic functions of t, 
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it is clear that it is possible to have 



a{ti) 7^ a{t2) and Y^{a{h)) = Y^{a{t2)), /x = 1, 2. (4) 

In other words, there is a neighbourhood U C V4, where Y is not a home- 
omorfism. In the particular case where the curve a{t) is timclike it follows 
directly from (4) and the isometric condition (1) that Y{a(t)) is a closed 
timelike curve in Y(U) C (Vg,??). Obviously, from the standpoint of physics 
this state of affairs is not entirely satisfactory as the causal structure of the 
space-time (y4^,g) is not preserved by the immersion. 

It is natural at this point to wonder whether an isometric embedding 
of the Schwarzschild space-time into a six-dimensional has ever been found. 
The positive answer to this question was given in 1959, with the work of 
Pronsdal, who found a regular embedding of the Schwarzschild exterior so- 
lution into a six-dimensional pseudo-Euclidean space by using hyperbolic 
functions instead of the trigonometric functions used by Kasner.[13] 

4 Comment 

Finally, we conclude that, even though any immersion can be considered 
locally as an embedding, it is important to be aware of the existence some- 
times of pathological domains in the immersed space-time, as in the case of 
Kasner's immersion of the Schwarzschild exterior solution. Therefore one 
should be careful with the terminology. From the point of view of physics, 
models that employs embeddings are much useful than those that employs 
immersions, since the latter do not preserve the topology of the immersed 
manifold. 
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